Introduction
The fast-paced growth of microfluidic systems and their applications in electronics cooling, aerospace, micro electro mechanical systems ͑MEMS͒, medical, and biomedical devices has motivated many researchers to investigate microscale transport phenomena ͓1-3͔. Microchannels are essential components of many microfluidic devices ͓4͔. Several factors that differentiate microscale from conventional flows have been identified through a number of experimental, numerical, and analytical studies. These factors include noncontinuum regimes, surface roughness, and compressibility effects ͓5-7͔. Due to the small size of these channels, the length scale is comparable to molecular mean free path; thus, deviation from the continuum theory should be considered. The nondimensional parameter used for analyzing this deviation is the Knudsen number defined as
where is the molecular mean free path and L is an appropriate length scale of the channel. When the Knudsen number is in the range of 0.001Ͻ KnϽ 0.1, a nonequilibrium state occurs very close to the wall, which is initiated from domination of molecular collisions with the walls over intermolecular collisions ͓8͔. Hence, no-slip boundary condition is no longer valid on channel boundaries, where a slip-velocity exists. However, for the rest of the flow, the continuum assumption still holds. This is called slip-flow regime. Pressure drop in microconduits with different cross sections including noncontinuum effects has been the subject of several investigations. In rarefied gas flow, the friction factor reduces as the Knudsen number increases. This is demonstrated theoretically by Pfahler et Kim et al. ͓4͔ confirm that the continuum assumption with no-slip velocity on walls is unable to predict the flow behavior in microchannels in this range of Knudsen number.
Pfahler et al. ͓9͔ performed one of the first analytical and experimental investigations on rarefied flows. They reported the existence of slip-flow in microchannels through measuring an increase in mass flow rate when compared with the predicted values from the continuum ͑no-slip͒ theory. Kim et al. ͓4͔ reported experimental data for rarefied flow through microtubes over the range of 0.0008Ͻ KnϽ 0.09 and 0.03Ͻ ReϽ 30. They tested several gases such as nitrogen, helium, and argon. Araki et al. ͓18͔ reported results for pressure drop in trapezoidal and triangular channels in slip-flow regime where 0.011Ͻ KnϽ 0.035 and 0.05Ͻ ReϽ 4.2 range. Arkilic et al. ͓16͔ included compressibility effects in their tests by conducting experiments in relatively higher Mach numbers. They also proposed an analytical model for analyzing compressible slip-flow in trapezoidal silicon microchannels; they did not report the range of Mach number in their tests. Arkilic et al. ͓17͔ conducted experiments to determine the effects of tangential momentum accommodation on the mass flow rate through trapezoidal microchannels in the slip-flow regime.
Ebert and Sparrow ͓9͔ formulated an analytical solution for slip-flow through rectangular channels. They realized that the effect of slip is to flatten the velocity distribution relative to that of a continuum flow. Assuming first-order slip boundary condition, Morini and co-workers ͓12,19͔ performed numerical studies for determination of pressure drop through microchannels of rectangular, circular, trapezoidal, and double-trapezoidal cross sections and reported their results in a tabular form for a range of cross section aspect ratio for the slip-flow regime. Using similar boundary conditions Khan and Yovanovich ͓20͔ developed a solution for fluid flow and convective heat transfer in rectangular microchannels in slip-flow regime. Duan and Muzychka ͓21͔ proposed a model for the pressure drop of slip-flow through noncircular microchannels using the solution of the rectangular duct. They compared their model with the numerical data of Morini et al. ͓19͔ for common geometries. Their model is a function of the cross section aspect ratio defined for each geometry.
As a result of recent advances in microfabrication techniques, microchannels with different cross sectional geometries are fabricated for both commercial and scientific purposes. Bahrami et al. ͓22,23͔ developed a general model for prediction of pressure drop in microchannels of arbitrary cross section. Using the analytical solution of elliptical duct and the concept of Saint-Venant principle in torsion, they showed that the Poiseuille number, f Re ͓24͔, is a function of the polar moment of inertia, area, and perimeter of the cross section of the channel. Their model showed good agreement with experimental and numerical data for a wide variety of cross sections such as rectangular, trapezoidal, triangular, circular, and moon shaped. The model of Bahrami et al., however, is restricted to no-slip velocity regime. The objective of this paper is to extend the model of Bahrami et al. ͓22,23͔ to the slip-flow regime.
In this study, a general model is developed for predicting the Poiseuille number of fully-developed flow in arbitrary cross section microchannels with slip regime. The proposed model is validated with numerical and experimental data from different sources for a variety of geometries, including circular, rectangular, trapezoidal, and double-trapezoidal cross sections and several gases such as nitrogen, argon, and helium.
Problem Statement
Fully-developed laminar, constant properties, and incompressible flow in microchannels of constant general cross section is considered ͑Fig. 1͒. The Mach number, Ma= u / C, where C is the sound velocity, can be used to determine the importance of the compressibility effects ͓24͔. In general, the compressibility effects can be neglected for the Mach numbers lower than 0.3 ͓24͔. Due to the small size of microchannels, the average velocity is typically higher than conventional pipes. Consequently, the pressure drop and the Mach number are high in microchannels even in low Reynolds numbers. Morini et al. ͓19͔ argued that the Mach number is proportional to multiplication of the Knudsen and the Reynolds numbers. It should be noted that in spite of the negligible compressibility effects in a wide range of Reynolds number in low Knudsen numbers, these effects can be neglected only for very low Reynolds numbers at higher Knudsen numbers ͓19͔.
Based on the Knudsen number, flow regimes can be categorized into four groups: continuum ͑no-slip͒, slip-flow, transition, and molecular flows ͓25͔. For slip-flow regime where 0.001Ͻ Kn Ͻ 0.1, errors due to the use of Navier-Stokes ͑NS͒ equations are negligible. However, no-slip boundary condition is no longer valid on walls and a slip-velocity should be considered ͓8͔. The first-order Maxwell boundary condition for slip-velocity is
where the thermal creep effects on the solid-fluid interface are neglected ͓25͔. Here, u s is the local slip-velocity, is the tangential momentum accommodation factor, which is considered unity for most of engineering applications ͓26͔, is the molecular mean free path, and n is the normal vector to the wall. Using abovementioned assumptions, the momentum equation reduces to
This equation should be solved along with the following boundary condition:
where w is the local wall shear stress. The set of governing equation and the boundary condition form a Poisson's equation with slip boundary condition. Because of the geometrical complexities, finding analytical solutions for the general cross section channels is highly unlikely. Therefore, we seek an approximate solution that can predict the pressure drop in arbitrary cross section with reasonable accuracy. This will provide a powerful tool that can be used in many practical instances such as basic design, parametric study, and optimization analyses, where often the trends and a reasonable estimate of the pressure drop are required.
Characteristic Length Scale
Selecting an appropriate and consistent characteristic length scale is an important part of developing a comprehensive general model. Selection of the characteristic length is an arbitrary choice and will not affect the final solution. However, a more appropriate length scale leads to more consistent results, especially when general cross section is considered. A circular duct is fully described with its diameter; thus the obvious length scale is the diameter ͑or radius͒. For noncircular cross sections, the selection is not as clear; many textbooks and researchers have conventionally chosen the hydraulic diameter, D h , as the characteristic length. Yovanovich ͓27,28͔ introduced the square root of area ͑ ͱ A͒ as a characteristic length scale for heat conduction and convection problems. 
Model Development
Equation ͑5͒ shows that slip-velocity is related to local wall shear stress, which depends on the topology of the boundary and the cross section. Averaging the wall shear stress over the perimeter of the channel, Eq. ͑5͒ becomes ͓24͔
where ū s and w are the averaged slip-velocity and wall shear stress, respectively. Using an average ͑and constant͒ slip-velocity will simplify the solution to Eq. ͑3͒. This allows us to introduce a relative axial velocity, U, which is the difference between the bulk and the slip-velocities:
After change in variable, Eq. ͑3͒ becomes 
Based on its definition, the relative velocity is zero on the channel walls. 
where I p ‫ء‬ is the nondimensional polar moment of inertia of the cross section and f and Reͱ A are the Fanning friction factor and Reynolds number based on ͱ A, respectively. The elliptical channel was considered not because it is likely to occur in practice but rather to utilize the unique geometrical property of its velocity solution. The same approach is followed here. Starting from the elliptical cross section and using the axial relative velocity, one can find the average relative axial velocity Ū for elliptical channels ͓24͔:
Applying a force balance in the channel leads to ͑see Fig. 1͒ w ⌫L = ⌬PA ͑11͒
Cross sectional area and perimeter for elliptical channel are
where E͑͒ = ͐ 0 /2 ͱ 1−x 2 dx is the complete elliptic integral of the second kind. Using Eqs. ͑11͒ and ͑12͒ and defining an aspect ratio, , as the ratio of the channel major and minor axes, the average velocity can be presented as ͓22͔ 
Therefore, ⌽ can be determined once f Reͱ A is known for the no-slip condition. Note that the value of ⌽ is always equal to or less than unity.
Model Verification
Although the presented approach is based on analytical solution for elliptical cross section, the final relationship is a function of general geometrical parameters that can be calculated for any cross sections. In this section, the present model is compared with the numerical and the experimental data available for several common cross sections. The proposed model is verified with numerical results of Morini et al. ͓19͔ for circular, rectangular, trapezoidal, and double-trapezoidal microchannels as well as experimental data published by Kim et al. ͓4͔ and Araki et al. ͓18͔ for circular and trapezoidal ducts, respectively. For convenience, the geometrical parameters needed for different cross sections are listed in Table 1 . In Secs. 5.1-5.4 the value of tangential momentum accommodation factor, , is assumed to be 1. The available data in literature were reported based on the hydraulic diameter. The Knudsen and the Poiseuille numbers based on the hydraulic diameter can be converted to ͱ A basis using the following relationships: As can be seen, the present model captures the trends of the experimental data over a range of geometrical and thermophysical parameters. Also note that most of the data fall within the Ϯ10% bounds of the model.
Circular Microchannels. Using the geometrical parameters of circular channels listed in

Rectangular Microchannels.
The geometrical characteristics and schematic of rectangular channels are presented in Table  1 . Substituting required parameters in Eq. ͑16͒, f Reͱ A is determined as 
Trapezoidal Microchannels.
The cross section of an isosceles trapezoidal microchannel and its geometrical parameters are presented in Table 1 . This is an important shape since this cross section is formed as a result of etching process in silicon wafers ͓19͔. Furthermore, in the limit when the top side length, a, goes to zero, it yields an isosceles triangle and in another limit when a = b, a rectangular channel will be formed. The geometrical characteristics of these limiting cases are listed in Table 4 , where ␤ in Tables 1 and 4 is a nondimensional parameter defined as
͑24͒
␤ is zero for triangular and 1 for rectangular conduits. The angle ␣ ͑as shown in Table 1͒ is related to ␤ and as ͓22͔ Using Eqs. ͑16͒ and ͑26͒ one can calculate f Reͱ A . In Table 5 the predicted results of the proposed model are compared with the numerical data of Morini et al. ͓19͔ with ␣ = 54.74 deg. The agreement between the present model and the numerical data is within 8%; however, there are a few points, especially at relatively high or low aspect ratios, where differences up to 12% are observed. Figure 4 shows the comparison between the proposed model and the experimental data of Araki et al. ͓18͔ for trapezoidal microchannels with ␣ = 54.74 deg. They used two different channels with dimensions b = 41.5 m and 41.2 m and h = 5.56 m and 2.09 m, respectively. These channels were made of silicon wafer with hydraulic diameters of 9.41 m and 3.92 m. They conducted tests with nitrogen and helium over a range of 0.011 Ͻ KnϽ 0.035 and 0.05Ͻ ReϽ 4.2. The uncertainty of their measurements was reported to be 10.9%. As shown in Fig. 4 , the values predicted by the model are within 10% accuracy of the data.
5.4 Double-Trapezoidal Microchannels. Double-trapezoidal cross section geometry is depicted in Table 1 . Same as the trapezoidal cross section, the nondimensional parameter ␤ is defined by Eq. ͑24͒. Table 6 
Summary and Conclusions
Pressure drop of the fully-developed, incompressible slip-flow through microchannels of general cross sections is investigated. An averaged first-order Maxwell boundary condition is assumed The model is successfully validated against existing numerical and experimental data in literature for a variety of shapes including circular, rectangular, trapezoidal, and double-trapezoidal cross sections, with a relative difference on the order of 8%.
Employing the proposed model, one only needs to compute the nondimensional parameter I p ‫ء‬ ͱ A / ⌫ of the channel to determine the Poiseuille number. On the other hand, using the conventional method, Poisson's equation must be solved with slip boundary condition to find the velocity field and the mean velocity often numerically. Then the averaged wall shear stress should be calculated to find f Reͱ A . This clearly shows the convenience of the proposed approximate model. 
